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Abstract
We investigate the gluonic magnetic susceptibilities, κ and ξ, of the QCD vacuum in the presence
of the external electromagnetic field, based on the instanton vacuum with explicit flavor SU(3)
symmetry breaking taken into account. We also consider the gauge invariance of the effective
nonlocal chiral action. The gluon operators are treated in terms of fermionic operators in the
instanton vacuum effectively. The results are summarized as follows: κu,d = 0.11 and κs = 0.08,
and ξu,d ≃ ξs = −0.06. Finally, we compare the present results with those of the QCD sum rules.
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The QCD vacuum is known to be one of the most sophisticated objects because of its
nonperturbative as well as perturbative features. Its nonperturbative aspect is conveyed
in the quark and gluon condensates. The quark condensate plays a role of an order pa-
rameter associated with spontaneous chiral symmetry breaking (SχSB) which is essential in
describing low-energy hadronic phenomena. The magnetic susceptibilities are also of great
importance in understanding the QCD vacuum, since they reveal information of how the
QCD vacuum responds to the exerted external electromagnetic fields. In the QCD sum
rules, the magnetic susceptibilities appear as very important parameters to explain many
different physical quantities: For example, light-cone photon distribution amplitudes [1, 2],
the electric dipole moment of hadrons [3], tensor charges of the nucleon [5, 6], and so on.
In general, one can define three distinctive magnetic susceptibilities of the QCD vacuum:
χ, κ and ξ, in terms of the vacuum expectation values (VEV) of quark and gluon operators
in Euclidean space [4, 5, 6]:









fγ5G˜µνqf 〉F = ieqFµνξ 〈iq
†
fqf〉, (3)
where gc and eq stand for the QCD gauge coupling constant and the quark electric charge,
respectively. Gµν = G
a
µνλ
a/2 is the gluonic field strength tensor whereas Fµν indicates the




a/4. In the present work, we concentrate on the chirally even gluonic magnetic
susceptibilities, κ and ξ in Eqs. (3) and (2) from the instanton vacuum, since χ in Eq. (1)
was already studied in detail in Ref. [7] within the same theoretical framework.
SχSB is well realized in the instanton vacuum via quark zero modes, which is char-
acterized by only two parameters, i.e. the average instanton size ρ¯ ≈ 1
3
fm and average
inter-instanton distance R ≈ 1 fm. In particular, 1/ρ¯ can be considered as a normalization
scale of the present approach. The values of the ρ¯ and R were estimated many years ago phe-
nomenologically by Ref. [8] as well as theoretically by using the variational method [9, 10].
Furthermore, it was recently confirmed in various lattice simulations of the QCD vacuum
[11, 12, 13]. Very recent lattice calculations of the quark propagator [14, 15] are in a re-
markable agreement with that of Ref. [10]. The work of Refs. [9, 10] was later extended to
SU(3) by considering the finite mass of the current quarks [16, 17, 18].
In order to study the gluonic magnetic susceptibilities in the present work, we need to
deal with the following three important points: Firstly, it is well known that the nonlocal
interaction breaks the conservation of the electromagnetic currents [19, 20]. The nonlocal
interaction from the instanton vacuum suffers too from the same difficulty due to the zero
mode approximation [20]. Refs. [7, 21] derived the light-quark partition function in the pres-
ence of the external gauge fields. Hence, we employ this gauge-invariant low-energy effective
partition function to derive the gluonic magnetic susceptibilities of the QCD vacuum. In
Refs. [22, 23, 24], one can find similar discussions on how to make nonlocal interactions
gauge invariant. Secondly, we need to handle the gluonic operators as expressed in Eqs. (3)
and (2) in the present work. The most effective way to treat the gluonic operators in the
instanton vacuum approach is to express them in terms of quark operators as already shown
in Ref. [25]. Thirdly, since we are also interested in the effects of explicit breaking of flavor
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SU(3) symmetry, we need to take into account them systematically. Refs. [16, 17, 26] pro-
vides us the effective low-energy QCD partition function from the instanton vacuum with
flavor SU(3) symmetry breaking consistently considered. With these three points at hand,
we can proceed to compute κ and ξ consistently.
We organize this work as follows: In Section II, we explain briefly all relevant formalisms
necessary to calculate κ and ξ. In Section III, numerical results are discussed and are
compared with those of other models. The final Section is devoted to summarize the present
work and to draw conclusions.
II. GENERAL FORMALISM
The momentum-dependent dynamical quark mass Mf (p) breaks the conservation of the
No¨ther currents, i.e. it violates Ward-Takahashi identities. We want to show how to remedy
this problem in the following. We first define the total quark propagator S˜ in the presence
of the instanton ensemble A, the external electromagnetic fields Vµ and the gluonic antisym-
metric tensor fields Gµν , and the quark propagator S˜i with a single instanton Ai as well as
the Vµ and Gµν :
S˜ =
1
i/∂ + g/A+ eq/V +G · T + imˆ
, S˜i =
1
i/∂ + g/Ai + eq/V +G · T + imˆ
, (4)
where mˆ is the current quark mass matrix: diag(mu, md, ms). Tµν is a source field for the
external gluon fields. We assume that the total instanton field A may be approximated as
a sum of the single instanton fields, A =
∑N
i=1Ai, which is justified with the average size of
instantons ρ ≈ 1/3 fm and average inter-instanton distance R ≈ 1 fm [8, 10]. Defining the
quark propagator S˜0 with external fields Vµ and Tµν , and the free one S0 as follows:
S˜0 =
1





the S˜ can be expanded with respect to a single instanton:
S˜ = S˜0 +
∑
i





0 (S˜j − S˜0) + · · · . (6)























′ = L−1(i/∂ + eq/V )L. (8)
The L denotes the Wilson gauge connection which is expressed as the path-ordered exponent:









where zi denotes an instanton position. Having carried out the manipulation as in Refs. [7,
21], we arrive at the low-frequency part of the fermionic determinant:
D˜etlow = (det(i/∂ + eq/V







































Φ†±,0(y; ζ±)(i/∂L(y, z)ψf (y)
)
(11)
with the quark zero mode solutions Φ±,0.
The gauge connection L has some arbitrariness due to its path dependence. However,
we can show that such dependence can be minimized. To be more specific, we consider the
extended zero mode:
(i/∂ + /A + eq/V
′)|Φ˜0〉 = 0, |Φ˜
(1)
0 〉 ≃ |Φ0〉 − eqSNZ/V |Φ0〉, (12)
where A denotes an instanton field located at z, |Φ˜
(1)
0 〉 stands for the solution in the presence
of the external field, and SNZ the well-known non-zero mode of the propagator in the
instanton field (see the review [27] and references therein). Here, we have assumed tacitly
that the momentum of the external field is small. Inserting the gauge connection L(x, z)
into Eq. (12), we obtain:
(i/∂ + /A + eq/V )|Φ
′
0〉 = 0, eqV
′
µ = L




If we utilize the relations (i/∂ + /A)|Φ0〉 = 0 and SNZ (i/∂ + /A) = 1 − |Φ0〉〈Φ0|, the solution
|Φ
(1)′
0 〉 in Eq. (13) can be reduced to the corresponding solution |Φ˜
(1)
0 〉 without any problem
of the path dependence arising from the gauge connection L.
However, if the zero mode approximation SNZ ≈
1
i/∂
= S00 is used to find the solution
|Φ
(1)′












with applying the inverse gauge connection L−1 to Eq. (14). We can easily see that Eq. (15)











2 ≃ 0.006 [7]. As shown explicitly
in Ref. [7], the straight line provides the most optimized path.
Having treated the gauge problem in the presence of the external electromagnetic vector























with the effective chiral action in the presence of the external electromagnetic and gluonic
sources:
Seff [a,m] = −NcTr ln
[









where Tr denotes the functional trace and traces over flavor and spin spaces, generically.
Dµ stands for the covariant derivative Dµ = i∂µ + eqVµ, and Kµ and Pµ are the correspond-









Here, Ufg = exp [iγ5(M · λ)fg/FM] in which FM denotes the meson decay constant. We
note that by functional derivative of the effective action in Eq. (17) with respect to the
external source field T , one can obtain the VEVs in Eqs. (2) and (3). The dynamical
quark mass, Mf(p), can be obtained by solving an integral equation iteratively for the quark
propagator in the large Nc limit [20, 26]. We discuss it briefly in the following: First,
Diakonov et al. derived the quark propagator in the instanton ensemble as account the
following assumption [9, 10]:
〈x|
1










where AI and ψ(x) stand for the single instanton field and the quark zero-mode, respectively.
However, this assumption loses information from higher quark loops although it works very
well from the phenomenological point of view. On the contrary, Pobylitsa expand the quark
propagator 〈x|(i/∂ + /AI + imf )
−1|x〉 straightforwardly by virtue of the large Nc limit [20].




















+ (I → I¯)

 , (20)
where ZII¯ indicates the collective coordinates for the instanton (antiinstanton). N/V denotes
the instanton packing fraction ∼ (200MeV)4. Solving Eq. (20) for the quark propagator,
[i∂ + imf + iMf (i∂)]
−1, one obtains the current-quark mass dependent dynamical quark
mass [20, 26] as follows:





















, t = |k|ρ¯, < (21)
whereM0 is the dynamical quark mass with zero momentum transfer and set to be 350 MeV
in the chiral limit which is fixed by the saddle-point equation self-consistently [26]. F (t) is
a form factor which corresponds to the Fourier transform of the quark zero-mode solution,
(i/∂ + /A) Φ±,0 = 0 and is expressed as









where t = |k|ρ¯ in which ρ¯ stands for the instanton size ∼ 1/600 MeV−1 phenomenologically
in the liquid instanton ensemble [8, 25, 28]. Note that this form factor satisfies the on








We show in the next how to deal with the gluon field strength tensor consistently with the
instanton configuration. Since the details of this formalism can be found in Ref. [29], we want
to explain it here briefly. In fact, the local operators in Eqs.(2) and (3) correspond to the
quark-gluon interaction of a Yukawa type. As suggested in Ref. [29], the gluon field strength
tensor Gµν can be expressed in terms of the nonlocal quark-(anti)instanton interaction. The
one-flavor quark and single (anti)instanton interaction can be written as a function of the
























where the subscript (−)+ stands for the (anti)instanton contribution. The Greek letters α
and β denote the color indices whereas i and j are the Dirac indices. Note that the effective
gluon field strength tensor is also constructed in terms of broken flavor SU(3) symmetry
which is indicated by Ff(t1,2) defined in Eq. (21). We can write Y
a
µν(x) using color and
flavor matrices, and Eq. (24) as follows:






Y b±µν(y − x). (25)
Combining Eqs. (24) and (25), we can construct the effective field strength tensor for Gµν
in terms of quark and (anti)instanton fields:
































where η is the well-known t’Hooft symbol. Having intergated over the position and color
















































σµν , k = k2 − k1, t = |k|ρ¯, t1,2 = |k1,2|ρ¯. (27)
Thus, we can replace the Yukawa type quark-gluon vertex shown in Eqs. (2) and (3) by the




µν,− [29]. Thus, the VEVs can
be computed in terms of quark-loop integrals being similar to Refs. [29, 30].
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Using the background field formalism [1, 7], one can easily calculate the VEVs in Eqs. (2)
and (3) under the external EM field. Having carried out a tedious but straightforward



























































where κ˜f = κ 〈iq
†
fqf〉 and ξ˜f = ξ 〈iq
†
fqf 〉. The trace runs over the Dirac spin space. Kµ is
the covariant derivative with the photon field, Kµ = kµ + eqAµ, and M¯f (k) = mf +Mf(k).
In order to factorize the EM field strength Fµν from the r.h.s. of Eqs. (28) and (29), we use
the fact that in general a isotropic symmetric tensor Iµναβ can be decomposed in terms of
invariant tensors: Iµναβ = f1δµνδαβ + f2δµβδαν + f3δανδµβ , where fi are the relevant scalar











[Glocal(k1, k2) + Gnonlocal(k1, k2)] . (30)
The derivation of F and G can be found in Appendix in detail. Fnonlocal and Gnonlocal denote
the nonlocal contributions which contain the derivative terms F ′(k) = ∂F/∂|k|, while Flocal
and Glocal are those without them.
III. NUMERICAL RESULTS
In Fig. 1, we show the present results of the gluonic magnetic susceptibilities κ and ξ
defined in Eq. (2) and Eq. (3), respectively. In the left panel of Fig. 1 we depict the κ˜ as
functions of the current quark mass mf . The local and nonlocal contributions are designated
in the dashed and short-dashed curves, respectively. The solid curves draw the total results.
The local and nonlocal contributions to κ˜ decrease monotonically as mf increases. Note
that nonlocal contribution is about ∼ 10% of the local one. We obtain κ˜u = 1.83 × 10
−3
GeV3 for the light quark (mu,d = 5 MeV), and κ˜s = 0.56 × 10
−3 GeV3 for the strange
quark (ms = 150 MeV). In Ref. [30], the quark condensates were calculated within the
same framework: 〈iu†u〉 = 0.2533 GeV3 and 〈is†s〉 = 0.1913 GeV3. Using these values,
we obtain the following results: κu = 0.11 and κs = 0.08. If we employ the well-known
phenomenological input for 〈is†s〉/〈iu†u〉 ≃ 0.8 used in the QCDSR, κs would be about two
times smaller than the present result (∼ 0.04), whereas κu remains unchanged.
In the right panel of Fig. 1, we present the result of ξ˜f similarly. However, as shown
in the Fig. 1, the nonlocal contribution is almost negligible in contrast with the local one.
7























































































































































































































































































































































































































































































































































































































FIG. 1: The results of κ 〈iq†fqf 〉 (in the left panel and ξ 〈iq
†
fqf 〉 (in the right panel) as functions
of mf . The dashed curves draw the local contributions, whereas the short-dashed ones do the
nonlocal contributions. The solid curves designate the total results.
Thus, the dominant contribution to ξ˜f comes from the local part. The result of ξ˜f increases
monotonically as mf does, as in the case of κ˜. It turns out that ξ˜u = −0.90 × 10
−3 GeV3
and ξ˜s = −0.40× 10
−3 GeV3. Correspondingly we get ξu ≃ ξs = −0.06. It is interesting to
see that ξu and ξs are almost in the same order. If we use the ratio of the quark condensates
∼ 0.8, the situation becomes just the same with that of κ. As a result, the κ and ξ are very
similar in magnitude but their signs are opposite each other.
We are now in a position to compare the present results with those of the QCD sum rules.
For convenience, we express them in Minkowski space (κ 〈q¯fqf 〉 = κˆf and ξ 〈q¯fqf 〉 = ξˆf).
Thus, κ˜ = −κˆ and ξ˜ = −ξˆ. Here, it is necessary to perform renormalization group evolutions
of κ and ξ, since the QCDSR results to be compared with our numerical ones are evaluated
in different scale parameters (500 MeV and 1.0 GeV) from ours ∼ 600 MeV. When a VEV
(〈O(µ)〉) is computed in two different scales, µA and µB, one can evaluate the renormalization







where αs and γ are the QCD running coupling and the anomalous dimension of the VEV.
Present QCDSR [4] QCDSR [6, 31] QCDSR [33] QCDSR [3, 34] GCM [35]
Scale 600 MeV 500 MeV 500 MeV 1.0 GeV 1.0 GeV
κˆu × 10
3 −1.83 13.27 (11.28) 12.67 (10.77) −3.40 (4.76) 1.41 (1.97) 7.0 ∼ 14.5
κˆs × 10
3 −0.56 · · · · · · · · · · · · · · ·
ξˆu × 10
3 0.90 3.11 (2.64) −12.67 (10.77) 3.40 (4.76) 3.07 (4.30) · · ·
ξˆs × 10
3 0.40 · · · · · · · · · · · · · · ·
TABLE I: κˆ = κ 〈q¯q〉 and ξˆ = ξ 〈q¯q〉 calculated in various models [GeV3]. The scale parameters
of the models are also written in the Table. Numbers in the parenthesis indicates those after
renormalization group evolution at 600 MeV.
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We use b = 11Nc/3 − 2Nf/3 = 9 for Nc = 3 and Nf = 3. In the present case, the
anomalous dimension for κ˜ and ξ˜ becomes γGC = 4CA − 3CF resulting in 8 (CA = Nc = 3
and CF = (N
2
c −1)/(2Nc) = 4/3) [1, 33]. If we take ΛQCD ≃ 200 MeV, we have a multiplying
factor ∼ 0.66 for the scaling from 500 MeV to 600 MeV, while 1.4 from 1.0 GeV to 600 MeV.
Note that, however, the anomalous dimension should be γGC − γQC for the κ and ξ without
the quark condensate. Thus, we find the multiplying factors 0.92 for µ = 500 MeV and 1.18
for µ = 1.0 GeV, respectively. It indicates that κ and ξ are less sensitive to the scaling. In
Table I we summarize the comparison with the renormalization group evolution taken into
account.
Ioffe estimated the κ and ξ, using the QCDSR with the scale parameter µ = 500 MeV
in Ref. [4]: κˆu = 13.27 (11.28) × 10
−3 GeV3 and ξˆu = 3.11 (2.64) × 10
−3 GeV3. Numbers
in the parenthesis stand for those after the renormalization group evolution at 600 MeV.
Approximately, we find that the present results are quite smaller than the above ones apart
from the sign. The ratio |κ/ξ| of the present results is different from that of Ref. [4] by about
a factor four. Moreover, they are all positive. Considering that a VEV of the local QCD
operator with an external field can be expressed equivalently by a two-point correlation
function, the following equations can be derived by using Eqs. (2) and (3) [6, 31]:


































where Π(0)κ,ξ are the relevant two-point correlation functions. In Refs. [6, 31], assuming that
only B-meson couples to the tensor current q¯fσ
µνqf and using phenomenological parameters,
they obtained at a rough estimate the following results: κˆu = −ξˆu ≃ 12.67 (10.77) × 10
−3
GeV3 at µ = 500 MeV. However, this simple assumption is under debate as pointed out in
Ref. [32].
On the contrary, in Ref. [33], the ρ-meson dominance being taken into account, the
following result was obtained at µ = 1.0 GeV: κˆu = −ξˆu = −3.40 (4.76) × 10
−3 GeV3.
We want to amphasize that these values are rather consistent with the present results.
Refs. [3, 34] estimated a larger value of the κ than that of ξ: κˆu = 1.41 (1.97)× 10
−3 GeV3
and ξˆu = 3.07 (4.30)× 10
−3 GeV3 also for µ = 1.0 GeV. In the global color-symmetry model
(GCM) [35], it was obtained that 7.0× 10−3GeV3 ≤ κˆu ≤ 14.5× 10
−3 GeV3. Note that the
results of the GCM depend on two low-momentum parameters: strength parameter χ and
range parameter ∆, which corresponds to the scale parameter. The absolute values of the
results from the GCM are about five times larger than the present ones.
IV. SUMMARY AND CONCLUSION
In the present work, we have investigated the gluonic magnetic susceptibilities of the
QCD vacuum, i.e. κ and ξ. These quantities are deeply relevant to the twist-4 three
particle photon distribution amplitudes, the electric dipole moment of the neutron, the
nucleon tensor charge in the QCD sum rules, and so on. In order to compute these magnetic
susceptibilities, we employed the nonlocal chiral quark model from the instanton vacuum
with flavor SU(3) symmetry breaking taken into account. the gluon fields were treated
effectively via the quark-(anti)instanton interaction at the low renormalization point, so
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that the gluonic magnetic susceptibilities κ and ξ defined in Eqs. (2) and (3) were computed
consistently. We also took into account the renormalization group evolution to compare the
present results with those of different approaches.
We obtained the following results: κ 〈iu†u〉 = 1.83×10−3 GeV3 and κ 〈is†s〉 = 0.56×10−3
GeV3, and ξ 〈iu†u〉 = −0.90×10−3 GeV3 and ξ 〈is†s〉 = −0.40×10−3 GeV3. Compared with
the results of the QCD sum rules and global color-symmetry model, the present ones turn
out to be relatively small. Using the results for the quark condensate which was derived
within the same framework [30], we obtain κu,d = 0.11 and κs = 0.08, and ξu,d ≃ ξs = −0.06.
We note that among the magnetic susceptibilities χ is known to be the most dominant
one. The present work supports this fact. A detailed analysis for the higher twist photon
distribution amplitudes is under progress, the present results of κ and ξ being used.
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Appendix
In the present Appendix, we show the functions F and G in Eq. (30) in detail. We start
with F :


























































































































































































































































































































] [2k21k22 + 3k21(k1 · k2) + (k1 · k2)2] .





















































































































] [k21k22 − (k1 · k2)2] .
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